Abstract. We show that, if g ≥ 2, the virtual cohomological dimension of the mapping class group of a 3-dimensional handlebody of genus g is equal to 4g − 5 and the Euler number of it is equal to 0.
Introduction
A genus g handlebody H g is an oriented 3-manifold which is constructed from 3-ball with attaching g 1-handles. The mapping class group H g of H g is defined as the group of isotopy classes of orientation-preserving diffeomorphisms of H g . This group H g is a subgroup of the mapping class group M g of a surface ∂H g , that is, M g = π 0 (Diff + (∂H g )), where Diff + (∂H g ) is the group of orientation preserving diffeomorphisms of ∂H g . From here to the end of this paper, we assume g ≥ 2.
The cohomological dimension of a group G, cd(G), is defined to be the largest number n for which there exist a G-module M with H n (G, M) nonzero. We remark that if G 1 ⊂ G 2 , then cd(G 1 ) ≤ cd(G 2 ). When G has torsion, cd(G) is infinite.
However, if G has finite index torsion free subgroups (we call G virtually torsion free),
we define the virtual cohomological dimension of G, vcd(G), to be the cohomological dimension of finite index torsion free subgroupĜ. A theorem of Serre [11] states that this number is independent of the choice ofĜ. For vcd of M g and H g , Harer [5] showed vcd(M g ) = 4g − 5, and McCullough [10] showed vcd(H 2 ) = 3, and, if g ≥ 3,
In this paper, we will show the following result.
Theorem 1.1. If g ≥ 2, the virtual cohomological dimension of H g is equal to 4g − 5.
on the disc complex defined by McCullough [10] . In this paper, we show this result with the explicit description of subgroup of H g that achieves the vcd(H g ).
We give some remark on the relationship between H g and the outer automorphism group of free group of rank g. We denote F g the free group of rank g and Out(F g ) the outer automorphism group of it. There is a natural homomorphism from H g to Out(F g ) defined by the action of diffeomorphisms on the fundamental group of H g . This homomorphism is a surjection [4] . Culler and Vogtmann [3] showed that vcd(Out(F g )) = 2g − 3. This fact indicate that the kernel of the above surjection is, in some sense, big. In fact, McCullough [9] showed that the kernel of the above surjection is not finitely generated.
We review the Euler characteristics of groups (see [2] ). For a group G of finite homological type and torsion-free, we define the Euler characteristic χ(G) by
For a group G of finite homological type which may have torsion, we choose a torsion free subgroupĜ of finite index, and define χ(G) by
where (G :Ĝ) is the index ofĜ in G. Since, H g is of type VFL [10] , we can define χ(H g ). We will show the following result.
2. Proof of Theorem 1.1.
In general, for an oriented C ∞ -manifold A and its subset B, we denote Diff 
For the center p of the above disc D, we define H g,1 = π 0 (Diff + (H g , fix {p})), and Figure 1 .
. . , D g be the cocores of 1-handles which are used to construct H g . These discs
. . , E g−1 and C be properly embedded discs as are indicated in Figure 1 .
We introduce some elements of 
θ is a polar coordinate of
is an orientation-preserving diffeomorphism on H g . We call this annulus twist about A. The isotopy class of α A is an element of H g , and we call this annulus twist about A and denote this a A .
We introduce some expressions used in this paper. Let N be a regular neighborhood of ∂H g in H g , and A be an annulus in ∂H g . We parametrize N as φ :
such that φ({0} × ∂H g ) = ∂H g and φ| {0}×∂Hg is an identity map. The set
is an annulus properly embedded in H g . The sentence "we push A into H g " means that we obtain A ′ from A. For a disc D in ∂H g , the meaning of the sentence "we push D into H g " is given in the same manner as above.
G. Mess [8] discovered some subgroups B g , B [7] ). Mess subgroups are defined in a recursive manner.
Step 0: Let B 2 be the subgroup of M 2 generated by Dehn twist about any three pairwise disjoint pairwise nonisotopic simple closed curves C 0 , C 1 , C 2 in ∂H 2 .
Step 1 g : We assume that B g (g ≥ 2) is already defined. There is a surjection from Diff + (∂H g , fix D) to Diff + (∂H g ) defined by forgetting the disc D, and this surjection induce an surjection f :
g be the preimage of B g under f .
Step 2 g : By the restriction of diffeomorphisms, we can define a homomorphism
We consider some embedding ∂H g − intD into ∂H g+1 and identify ∂H g − intD with its image. The extension of diffeomorphisms of ∂H g − intD fixed on ∂D by the identity across the complement
In the complement of ∂H g − intD in ∂H g+1 , we choose some non-trivial simple close curve C and consider the Dehn twist t ∈ M g+1 about this curve. Let T be the infinite cyclic group generated by t. We define B g+1 as the group generated by i(B 1 g ) and T . Mess showed the following theorem [8] (see also Corollary 6.3B of [7] ). Theorem 2.1. The cohomological dimension of B g is equal to 4g − 5.
We will show the following lemma. Step 0: We choose C 0 = ∂D 1 , C 1 = ∂C, C 2 = ∂D 2 , then B 2 ⊂ H 2 .
Step 1 g : We assume that B g ⊂ H g . Let g 1 , . . . , g n be the generators of B g . For each g i , we can choose an elementg i of H g is generated by the kernel of f andg 1 , . . . ,g n . In order to obtain generators for the kernel of f , we consider the following two short exact sequences.
The group Z in (S1) is an infinite cyclic group generated by the Dehn twist d about ∂D. The homomorphism α is induced from the homomorphism from Diff + (∂H g , fix D)
to Diff + (∂H g , fix{p}) defined by crushing D into a point p. The sequence (S2) is introduced by Birman [1] . The homomorphism γ is induced from the homomorphism from Diff + (∂H g , fix{p}) to Diff + (∂H g ) defined by forgetting the point p. The group
is generated by simple loops in ∂H g , whose base points are p. Let l 1 , . . . , l 2g be simple loops in ∂H g , homotopy classes of which generates π 0 (∂H g , p). For each l i , let L i be an annulus in ∂H g , which is a regular neighborhood of l i such that
The homomorphism β is defined so that it maps a homotopy class of l i (denote [l i ] for short ) to a homotopy class of λ i = (+Dehn twist about l 
Along the line of the proof of Theorem 6.4.A in [7] , we will prove Theorem 1.1.
Proof of Theorem 1.1.
There is a natural homomorphism M g → Aut(H 1 (∂H g , Z/3Z)) defined by the action of diffeomorphisms on homology. Let Γ be the kernel of this homomorphism. By 
These fact show this theorem.
Proof of Theorem 1.2.
McCullough defined a disc complex L in [10] and used this to give an estimation for vcd(H g ). We review the definition of L. By a disc in H g , we mean a properly embedded 2-disc in H g . The disc is essential when ∂D does not bound a 2-disc in ∂H g . The disc complex L of H g is the simplicial complex whose vertices are the isotopy classes of essential discs in H g , and whose simplices are defined by the rule that a collection of n + 1 distinct vertices spans a n-simplex if and only if it admit a collection of representatives which are pairwise disjoint. McCullough showed the following Theorem.
We use the following two Propositions about Euler characteristics of groups. 
Proposition 3.3. [2, Proposition §IX 7.3(e')] Let X be a contractible simplicial complex on which G act simplicially. For each simplex σ of X, let G σ = {g ∈ G|gσ = σ}.
If X has only finitely many cells mod G, and, for each simplex σ of X, G σ is of finite homological type, then
where E is a set of representative for the cells of X mod G. 
